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Abstract
It is known that the graviton two-point function for the de Sitter invariant
“Euclidean” vacuum in a physical gauge grows logarithmically with distance in
spatially-flat de Sitter spacetime. We show that this logarithmic behaviour is a
gauge artifact by explicitly demonstrating that the same behaviour can be repro-
duced by a pure-gauge two-point function.
1 Introduction
De Sitter spacetime is a maximally symmetric solution of the vacuum Einstein equations
with positive cosmological constant,
Rab − 1
2
gabR + Λgab = 0 . (1)
(See Ref. [1] for a detailed description of de Sitter spacetime.) Physics in this spacetime
has been studied extensively due to its relevance to inflationary cosmologies [2]. The
graviton two-point function has been of particular interest in this context. Ford and
Parker analysed linearised gravity in spatially-flat de Sitter spacetime and found that
the mode functions in a physical gauge are similar to those of minimally-coupled massless
1
scalar field [3]. Since the latter theory exhibits infrared (IR) divergences similar to those
of massless scalar field theory in two-dimensional Minkowski spacetime [4], one may
suspect that there would be IR divergences in linearised gravity in de Sitter spacetime
as well. However, it was shown that there are no physical IR divergences in the graviton
two-point function in de Sitter spacetime which was obtained by analytic continuation
from that on the 4-sphere [5]. It was also found that the behaviour of mode functions
responsible for the apparent IR divergences in spatially-flat de Sitter spacetime is a
gauge artifact [6], and it was shown explicitly that the IR divergences in the graviton
two-point function in a physical gauge can be gauged away [7]. Thus, it has been
established that there are no physical IR divergences in linearised gravity in de Sitter
spacetime. However, there is another apparent problem which is closely related: the
graviton two-point function grows logarithmically with distance. If this behaviour were
physical, then it would have a significant effect on physics of inflationary cosmologies.
The aim of this paper is to show that this logarithmic growth is also a gauge artifact.
Specifically, we show that the large-distance logarithmic behaviour of the physical gravi-
ton two-point function computed by Allen [7] can be gauged away by demonstrating that
the same behaviour arises in the two-point function of pure-gauge form. The rest of the
paper is organised as follows. In section 2 we present the graviton two-point function in
a physical gauge and show that its logarithmically growing part can be gauged away. In
section 3 we show that this logarithmic behaviour can be reproduced by a pure-gauge
field obeying a relativistic field equation. We summarise our results and make some re-
marks in section 4. In Appendix A, we list some integrals used in this work. Appendix B
contains details of the calculations in section 3. We adopt the metric signature (−+++)
and set h¯ = c = 16πG = 1 throughout this paper.
2 The physical graviton two-point function
We work with the metric which covers half of de Sitter spacetime:
ds2 =
1
H2λ2
(−dλ2 + dx2 + dy2 + dz2) , (2)
where H2 = Λ/3, i.e. gab = (Hλ)
−2diag(−1, 1, 1, 1). In the expanding half of de Sitter
spacetime, the parameter λ takes positive values and decreases from∞ to 0 towards the
future. By letting gab = g
(0)
ab + hab, where g
(0)
ab is the de Sitter metric (2), and linearising
the Hilbert-Einstein Lagrangian density, we have for linearised gravity
L =
√
−g(0)
[
1
2
∇ahac∇bhbc − 1
4
∇ahbc∇ahbc + 1
4
(∇ah− 2∇bhab)∇ah
2
−1
2
H2
(
habh
ab +
1
2
h2
)]
, (3)
where the covariant derivative ∇a is compatible with the background metric g(0)ab . Indices
are raised and lowered by g
(0)
ab and h is the trace of hab. (We will denote g
(0)
ab by gab from
now on.) The Lagrangian density (3) yields the following Euler-Lagrange equation:
1
2
(✷hab −∇a∇chcb −∇b∇chca +∇a∇bh)
+
1
2
gab(∇c∇dhcd −✷h)−H2
(
hab +
1
2
gabh
)
= 0 , (4)
where ✷ = ∇a∇a. Equation (4) is invariant under the gauge transformations
hab → hab +∇aΛb +∇bΛa . (5)
We will first fix the gauge completely at the classical level.
By imposing the gauge condition,
∇bhab − 1
2
∇ah = 0 , (6)
we find from (4)
1
2
✷hab − 1
4
gab✷h−H2
(
hab +
1
2
gabh
)
= 0 . (7)
The trace h can be gauged away as follows. By taking the trace of (7) we have
(✷+ 6H2)h = 0 . (8)
Using this equation, we can replace hab by a traceless field satisfying (7),
h˜ab = hab +
1
6H2
∇a∇bh , (9)
which is gauge-equivalent to the original field hab. Thus, the trace h can be gauged away.
The field h˜ab, which we will denote by hab from now on, is transverse-traceless, (i.e.
it satisfies ∇bhab = hcc = 0) and obeys the following equation:
(✷− 2H2)hab = 0 . (10)
The general solution of this equation can be found, e.g. in [6]. Now, this equation allows
solutions which are pure gauge: the field
h
(ξ)
ab = ∇aξb +∇bξa (11)
3
is transverse-traceless and satisfies (10) if ∇cξc = 0 and
(✷+ 3H2)ξa = 0 . (12)
This gauge freedom allows us to fix the gauge further and in effect we can impose the
following gauge conditions on the field hab:
traceless : hcc = 0 ;
transverse : ∇bhab = 0 ;
synchronous : tahab = 0 ,
where ta is the future-pointing unit vector parallel to −(∂/∂λ)a.
Allen considered quantisation of linearised gravity in this gauge, which we call the
physical gauge, and computed the symmetrised two-point function. Here, we present
essentially the same results for the unsymmetrised two-point function, Gaba′b′(x, x
′) =
〈0|hab(x)ha′b′(x′)|0〉, where the state |0〉 is the so-called Euclidean vacuum [8]. The
unprimed indices refer to the spacetime point x, whereas the primed indices refer to the
spacetime point x′.
Following Allen, we define the projection operator Pab = gab + tatb at point x, which
projects tensors onto the flat spatial section of constant λ. The tensor Pab is the metric
tensor on this spatial section. In our coordinate system it has the form
Pab = (Hλ)
−2diag(0, 1, 1, 1) . (13)
We define Pa′b′ to be the same projection operator at point x
′. We define a bi-covector
Pab′ by
Pab′ = (H
2λλ′)−1diag(0, 1, 1, 1) . (14)
Next we define the comoving spatial separation r of two points x = (λ, x1, x2, x3) and
x′ = (λ′, x′1, x
′
2, x
′
3) as
r(x, x′) =
√
(x1 − x′1)2 + (x2 − x′2)2 + (x3 − x′3)2 . (15)
For any given two points x and x′ the vectors V a and V a
′
are defined in components as
V a =
Hλ
r
(0,x− x′) , V a′ = Hλ
′
r
(0,x′ − x) . (16)
The vector V a and V a
′
are the unit vectors at points x and x′, respectively, which is
parallel to the projection of the tangent vector to the geodesic joining two points x and
x′ onto the constant λ hypersurface.
4
The field hab(λ,x) has the following mode expansion [3]:
hab(λ,x) =
∫
d3k
2∑
s=1
[
b(s)(k)
H
4
√
2π
λ3/2H
(1)
3/2(kλ)Hˆ
(k,s)
ab e
ik·x + h.c.
]
, (17)
where the symmetric traceless tensors Hˆ
(k,s)
ab satisfy Hˆ
(k,s)
ab Hˆ
(k,s′)ab = δss
′
and kaHˆ
(k,s)
ab =
taHˆ
(k,s)
ab = 0. We have defined k = ‖k‖. Here, d3k = dk1dk2dk3 and k ·x = k1x1+k2x2+
k3x3. The Hankel function H
(1)
3/2(z) is given by
H
(1)
3/2(z) =
√
2
π
(
− i
z3/2
− 1
z1/2
)
eiz . (18)
The operators b(s)(k) and b(s)(k)† satisfy the commutation relations
[b(s)(k), b(s
′)(k′)†] = δss
′
δ3(k− k′) , (19)
with all other commutators vanishing. The Euclidean vacuum |0〉 is defined by b(s)(k)|0〉 =
0 for all k and s. By using the mode expansion (17) and remembering that the two-point
function is a maximally symmetric bi-tensor in the spatial sections, we find
Gaba′b′(x, x
′) = f1(λ, λ
′, r)θ
(1)
aba′b′ + f2(λ, λ
′, r)θ(2)aba′b′ + f3(λ, λ
′, r)θ(3)aba′b′ (20)
where the bi-tensors θ(i)aba′b′ are given by
θ(1)aba′b′ = (VaVb − 1
3
Pab)(Va′Vb′ − 1
3
Pa′b′) (21)
θ(2)aba′b′ = Paa′Pbb′ + Pba′Pab′ − 2
3
PabPa′b′ (22)
θ(3)aba′b′ = 4VaVbVa′Vb′ + Paa′VbVb′ + Pba′VaVb′ + Pab′VbVa′ + Pbb′VaVa′ . (23)
The functions f1, f2 and f3 are given by
f1 =
H2
8π2
[
3
4
V 2(V 2 − 3)ψ2 − 1
5
(
15V 4 − 40V 2 − 12
)]
+
H2λλ′
8π2r2
[
3
4
(5V 2 − 9)ψ2 + 15V
4 − 37V 2 + 16
1− V 2
]
, (24)
f2 =
H2
8π2
[
−1
5
ψ1 +
1
20
V 2(V 2 + 5)ψ2 − 1
75
(15V 4 + 80V 2 − 32)
]
+
H2λλ′
8π2r2
[
1
4
(V 2 + 3)ψ2 +
3V 4 + 7V 2 − 4
3(1− V 2)
]
, (25)
f3 =
H2
8π2
[
1
4
V 2(V 2 + 1)ψ2 − 1
15
(15V 4 + 20V 2 + 8)
]
+
H2λλ′
8π2r2
[
1
4
(5V 2 + 3)ψ2 +
15V 4 − V 2 − 8
3(1− V 2)
]
, (26)
5
where
V =
λ− λ′ + iǫ
r
(27)
and
ψ1 = log[α
4r4(1− V 2)2] + 4γ , (28)
ψ2 = V log
(
V + 1
V − 1
)2
. (29)
Here, γ is Euler’s constant and α(> 0) is an infrared cut-off. Since these results are
essentially the same as those in Ref. [7] — recall that we have set 16πG = 1 — we omit
the details of the calculations. The method is similar to that used in the next section.
In the large-r limit these functions become
f1 =
3H2
10π2
+O(r−2) , (30)
f2 =
H2
40π2
(
32
15
− 2 logα2r2 − 4γ
)
+O(r−2) , (31)
f3 = − H
2
15π2
+O(r−2) . (32)
Notice that the two-point function Gaba′b′ is IR divergent and grows logarithmically
with distance due to the behaviour of the function f2. However, this behaviour can
be a gauge artifact because linearised gravity has gauge invariance (5). The two-point
function Gaba′b′ is physically equivalent to G
mod
aba′b′ if
Gaba′b′(x, x
′) = Gmodaba′b′(x, x
′) +∇a∇a′Tbb′ +∇b∇a′Tab′ +∇a∇b′Tba′ +∇b∇b′Taa′ . (33)
If there is a field Taa′ such that ∇a∇a′Tbb′ +∇b∇a′Tab′ +∇a∇b′Tba′ +∇b∇b′Taa′ contains a
term proportional to −(H2/20π2) logα2r2×θ(2)aba′b′, then the modified two-point function
Gmodaba′b′ will be IR finite and has no logarithmic growth with distance r. Allen found that
the IR divergence could be gauged away in a similar manner. However, it is not difficult
to show that the logarithmic growth with distance r can be gauged away together with
the IR divergence. Indeed we find
logα2r2 × θ(2)aba′b′ = −
1
6
(∇a∇a′Kbb′ +∇a∇b′Kba′ +∇b∇a′Kab′ +∇b∇b′Kaa′)
+
1
3
(Paa′VbVb′ + Pa′bVaVb′ + Pa′bVa′Vb + Pbb′VaVa′
+4PabVa′Vb′ + 4Pa′b′VaVb − 4Paa′Pbb′ − 4Pab′Pa′b
−8VaVbVa′Vb′) (34)
with
Kaa′ =
r2
H2λλ′
(VaVa′ + 2Paa′) logα
2r2 . (35)
6
Therefore we have
Gaba′b′(x, x
′) = Gmodaba′b′(x, x
′)
+
H2
120π2
(∇a∇a′Kbb′ +∇b∇a′Kab′ +∇a∇b′Kba′ +∇b∇b′Kaa′) ,(36)
where Gmodaba′b′(x, x
′) does not grow logarithmically as the function of the distance between
the two points x and x′ and is IR finite.
This proves that the log r behaviour of the two-point function Gaba′b′ is a gauge arti-
fact. However, it may be desirable to use the two-point function 〈0|∇(aξb)(x)∇(a′ξb′)(x′)|0〉
of a vector field ξa for gauging away the logα
2r2 term in order to have a better under-
standing of the logarithmic growth. In the next section we show how this can be done.
3 Pure-gauge two-point function
Recall that the tensor h
(ξ)
ab = ∇aξb + ∇bξa given by (11) satisfies ∇bh(ξ)ab = h(ξ)aa = 0
and (✷− 2H2)h(ξ)ab = 0. These are the equations satisfied by hab in the physical gauge.
Hence, it is natural to expect that the two-point function of h
(ξ)
ab has a structure similar
to Gaba′b′ . We will find that this is indeed the case and that the logα
2r2 term in the
two-point function Gaba′b′ can be gauged away, in the manner described at the end of
the previous section, using the two-point function of h
(ξ)
ab with an additional condition
taξa = 0.
First we note that the transverse solutions to equation (12) satisfying the condition
taξa = 0 are [6]
ξ(s)a (k,x, λ) =
H
4
√
2π
λ3/2H
(1)
5/2(kλ)e
ik·xhˆ(k,s)a , (37)
where the polarisation vectors hˆ(k,s)a , s = 1, 2, are orthogonal to k
a and ta and satisfy
P abh(k,s)a h
(k,s′)
b = δ
ss′ . (38)
The Hankel function H
(1)
5/2(z) is given by
H
(1)
5/2(z) =
√
2
π
(
− 3i
z5/2
− 3
z3/2
+
i
z1/2
)
eiz . (39)
We expand the field ξa(x) as
ξa(x, λ) =
2∑
s=1
∫
d3k
[
c(s)(k)ξ(s)a (k,x, λ) + c
(s)(k)†ξ
(s)
a (k,x, λ)
]
. (40)
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We then impose the commutation relations
[c(s)(k), c(s
′)(k′)†] = δss
′
δ3(k− k′) , (41)
with all other commutators being zero. (Since the field ξa is a fictitious field introduced
to rewrite the two-point function Gaba′b′ , there is no need to derive these commutation
relations.) Requiring that a(s)(k)|0〉 = 0 for all s and k, we have the two-point function
of ξa,
Maa′(x, x
′) = 〈0|ξa(x)ξa′(x′)|o〉
=
∫
d3k
2∑
s=1
ξ(s)a (k,x, λ)ξ
(s)
a′ (k,x
′, λ′) . (42)
By using (37) and (39), we find
2∑
s=1
ξ(s)a (k,x, λ)ξ
(s)
a′ (k,x
′, λ′)
=
H2E(k, λ, λ′)
16π3λλ′
eik(λ−λ
′)eik·(x−x
′)
2∑
s=1
hˆ(s)a (k)hˆ
(s)
a′ (k) , (43)
where
E(k, λ, λ′) = 9k−5 − 9i(λ− λ′)k−4 + [9λλ′ − 3(λ2 + λ′2)]k−3
−3iλλ′(λ− λ′)k−2 + λ2λ′2 k−1 . (44)
Using the properties of hˆ(s)a (k), we get
2∑
s=1
hˆ(s)a (k)hˆ
(s)
a′ (k) =
1
H2λλ′
(
δ˜aa′ − k˜ak˜a
′
k2
)
, (45)
where δ˜aa′ = λλ
′Paa′ . (In components, δ˜11 = δ˜22 = δ˜33 = 1 and all other components
vanish.) We have also defined the spatial part of ka as k˜a = P
b
a kb. It is also convenient to
define the spacelike projections of the partial derivatives as P ca ∂c = ∂˜a and P
c′
a′ ∂c′ = ∂˜a′ .
Combining equations (42)–(45), we obtain
Maa′(x, x
′) =
1
16π3λ2λ′2
∫
d3kE(k, λ, λ′)eik[(λ−λ
′)+iǫ]eik·(x−x
′)
(
δ˜aa′ − k˜ak˜a
′
k2
)
=
1
16π3λ2λ′2
∫
dk k2E(k, λ, λ′)eik∆λ
×
∫
dΩk e
ik·(x−x′)
(
δ˜aa′ − k˜ak˜a
′
k2
)
, (46)
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where the convergence factor e−kǫ has been introduced to make the integral converge for
large wave numbers k. We have also defined ∆λ = λ− λ′ + iǫ, and Ωk is the solid angle
in the k space. Noting that ∂˜ae
ik·(x−x′) = ik˜ae
ik·(x−x′) and
∫
dΩke
ik·(x−x′) =
4π sin kr
kr
, (47)
we obtain
Maa′(x, x
′) =
1
4π2λ2λ′2
∫
dk k2E(k, λ, λ′)eik∆λ
×
(
δ˜aa′ − ∂˜a∂˜a
′
k2
)
sin kr
kr
. (48)
We will show that the pure-gauge two-point function,
Taba′b′ ≡ 4〈0|∇(aξb)∇(a′ξb′)|0〉 , (49)
has the same logα2r2 term as Gaba′b′ . We first note that
∇aξb +∇bξa = Lξgab = ξc∂cgab + gac∂bξc + gbc∂aξc , (50)
where Lξ is the Lie derivative with respect to the vector ξa. Since the vector field we
consider (i.e., ξa) satisfies taξa = 0, we have ξ
c∂cgab = 0. [Recall that the metric gab
depends only on time λ and that ta is proportional to −(∂/∂λ)a.] Hence we find
Taba′b′ ≡ 4〈0|∇(aξb)(x)∇(a′ξb′)(x′)|0〉
= ∇a∇a′Mbb′ +∇a∇b′Mba′ +∇b∇a′Mab′ +∇b∇b′Maa′
= gacga′c′∂b∂b′〈0|ξcξc′|0〉+ gacgb′c′∂b∂a′〈0|ξcξc′|0〉
+gbcga′c′∂a∂b′〈0|ξcξc′|0〉+ gbcgb′c′∂a∂a′〈0|ξcξc′|0〉 . (51)
Define TAaba′b′ to be the spacelike projection of Taba′b′,
TAaba′b′ = P
c
a P
d
b P
c′
a′ P
d′
b′ Tcdc′d′ . (52)
Then, remembering that taξ
a = 0, we find
TAaba′b′ = ∂˜b∂˜b′Maa′(x, x
′) + ∂˜b∂˜a′Mab′(x, x
′) + ∂˜a∂˜b′Mba′(x, x
′) + ∂˜a∂˜a′Mbb′(x, x
′) , (53)
whereMaa′ is given by (48). The components with one timelike index can be represented
by
TBaa′b′ ≡ P ca tdP c
′
a′ P
d′
b′ Tcdc′d′
= −H
λ
∂˜b′
∂
∂λ
[λ2Maa′(x, x
′)]− H
λ
∂˜a′
∂
∂λ
[λ2Mab′(x, x
′)] . (54)
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(The minus sign arises due to the fact that the parameter λ decreases towards the future.)
We define TBaba′ as the tensor obtained by interchanging the primed and unprimed indices
in TBaa′b′ . The components with two timelike indices can be represented by
TCab′ ≡ P ca tdtc
′
P d
′
b′ Tcdc′d′ =
H2
λλ′
∂2
∂λ∂λ′
[λ2λ′2Mab′(x, x
′)] . (55)
The pure-gauge two-point function Taba′b′ is given by
Taba′b′ = T
A
aba′b′ + tbT
B
aa′b′ + taT
B
ba′b′ + tb′T
B
aba′ + ta′T
B
abb′
+tata′T
C
bb′ + tbt
′
aT
C
ab′ + tbta′T
C
ab′ + tbtb′T
C
aa′ . (56)
We will find that TAaba′b′ contains a term proportional to logα
2r2 × θ(2)aba′b′, whereas the
other two tensors TBaa′b′ and T
C
ab′ contain no terms which grow with the distance r.
By using (48) and (53) we have
TAaba′b′ =
1
4π2λ2λ′2
∫
dk k2E(k, λ, λ′)eik∆λ
×(∂˜b∂˜b′ δ˜aa′ + ∂˜b∂˜a′ δ˜ab′ + ∂˜a∂˜b′ δ˜ba′ + ∂˜a∂˜a′ δ˜bb′ − 4
k2
∂˜a∂˜a′ ∂˜b∂˜b′)
×sin kr
kr
. (57)
This tensor can be evaluated by using the integration formulas in Appendix A. The
result is
TAaba′b′ = T
(1) × θ(1)aba′b′ + T (2) × θ(2)aba′b′ + T (3) × θ(3)aba′b′ , (58)
where the bi-tensors θ
(i)
aba′b′ are defined in section 2, while the T
(i) are given as follows:
T (1) = −H
4
4π2
{
36
5
+ 3V 2(4 + 3V 2(4− ψ))
+3
λλ′
r2
[
− 12V
2
1− V 2 + 8 + 15V
2(4− ψ)
]
+3
λ2λ′2
r4
(
15(4− ψ) + 4(−7 + 5V
2)
(1− V 2)2
)}
, (59)
T (2) = −H
4
4π2
{
18
5
γ − 108
25
+
1
5
V 2[4 + 3V 2(4− ψ)]
+
λλ′
r2
[
−2 + 3V 2(4− ψ)− 6V
2
1− V 2
]
+
λ2λ′2
r4
[
4(V 2 − 2)
(1− V 2)2 + 3(4− ψ)
]
+
9
5
logα2r2(1− V 2)
}
, (60)
T (3) = −H
4
4π2
{
−3
5
+ V 2(4 + 3V 2(4− ψ))− 3V
2(1 + V 2(V 2 − 2))
(1− V 2)3
10
+
λλ′
r2
[
−1 + 15V 2(4− ψ)− 3[−1 + V
2(11 + V 2(7V 2 − 17))]
(1− V 2)3
]
+
λ2λ′2
r4
[
15(4− ψ)− 4[9 + V
2(5V 2 − 12)]
(1− V 2)3
]}
. (61)
To compute TBaa′b′ we use (48) and (54) and find
TBaa′b′ = −
H
4π2λλ′2
∫
dk k2
∂
∂λ
[
E(k, λ, λ′)eik∆λ
]
×
(
δ˜aa′ ∂˜b′ + δ˜ab′ ∂˜a′ − 2 ∂˜b
′ ∂˜a∂˜a′
k2
)
sin kr
kr
. (62)
Then, using the integral formulas in Appendix A, we have
TBaa′b′ = T˜
(1)β
(1)
aa′b′ + T˜
(2)β
(2)
aa′b′ (63)
with
β
(1)
aa′b′ = Paa′Vb′ + Pab′Va′ + 2VaVa′Vb′ , (64)
β
(2)
aa′b′ = Pa′b′Va − Paa′Vb′ − Pab′Va′ − 5VaVa′Vb′ , (65)
and
T˜ (1) =
H4
4π2
{
3λ
r
1
1− V 2 +
1
r3
2λλ′(3λ− λ′)
(1− V 2)2
+
1
r4
8λ2λ′2V
(1− V 2)3
}
, (66)
T˜ (2) =
H4
4π2
{
2λ
r
+
1
r3
[
2λλ′(−3λ+ λ′)
1− V 2 + 6λ
2(λ+ λ′)
]
+
1
r4
[
2λ2λ′2V (3V 2 − 5)
(1− V 2)2 −
3
2
λ4ψ2
]}
. (67)
We have defined ψ2 = V
−1ψ.
Next we examine the tensor TCab′ by using (55) and (48). We first find
TCab′ =
H2
4π2λλ′
∫
dk k2
∂2
∂λ∂λ′
E(k, λ, λ′)eik∆λ
×
(
δ˜ab′ − ∂˜a∂˜b
′
k2
)
sin kr
kr
. (68)
By integrating over k, we have
TCab′ = S
(1)Pab′ + S
(2)VaVa′ , (69)
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where the S(1) and S(2) are given by
S(1) = −λλ
′H4
2π2
[
1
r2
V
(1− V 2)2
+
1
r4
(
2λλ′V 2
(1− V 2)2 +
4λλ′V 2
(1− V 2)3
)]
, (70)
S(2) = −λλ
′H4
2π2
[
1
r2
1
(1− V 2)2 +
1
r4
4λλ′
(1− V 2)3
]
. (71)
Details of the calculations presented here can be found in Appendix B.
4 Conclusion
It can be seen from the results of the previous section that TBaa′b′ and T
C
ab′ are of order
r−1 and of order r−2, respectively, and that they are both IR finite. Hence, we have
from (56)
Taba′b′ = T
A
aba′b′ +O(r
−1)
= −H
4
4π2
(
18
5
γ − 108
25
+
9
5
logα2r2
)
× θ(2)aba′b′
−36
5
× θ(1)aba′b′ +
3
5
× θ(3)aba′b′ +O(r−1) . (72)
By comparing this result and the physical two-point function Gaba′b′ given by (20) with
(30)–(32), we find
Gaba′b′(x, x
′) = Gmodaba′b′(x, x
′) +
4
9H2
〈0|∇(aξb)(x)∇(a′ξb′)(x′)|0〉 , (73)
where the two-point function Gmodaba′b′(x, x
′), which is related to Gaba′b′(x, x
′) by a gauge
transformation, is IR finite and does not grow logarithmically with r. Thus, we have
shown that the logarithmic behaviour in Gaba′b′(x, x
′) can be gauged away by a two-point
function of a pure-gauge field.
Recently, Hawking, Hertog and Turok [9] have found that the physical graviton two-
point function is well-behaved for large distances in open de Sitter spacetime. Now,
gauge-invariant correlation functions must be the same in the de Sitter invariant vac-
uum, whether we use the spatially-flat or open coordinate system. Hence, their result
implies that there cannot be any physical effects due to the logarithmic term in the
two-point function (20). This is consistent with our result. Finally, it will be interesting
to investigate the implication of our result for two-point functions in covariant gauges
(see, e.g. Ref. [5, 10]).
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Appendix A. Some useful integrals
We first obtain
∫ ∞
α
dk
k
eik(x+iǫ) =
∫ ∞
α(x+iǫ)
dκ
κ
cosκ+ i
∫ ∞
αx
dκ
κ
sin κ = −γ − logα(x+ iǫ) + πi
2
, (A1)
where the terms of order α or higher are neglected. By differentiating this formula with
respect to x we find ∫ ∞
0
dk eik(x+iǫ) =
i
x+ iǫ
. (A2)
∫ ∞
0
dk k2eik(x+iǫ) =
2i
(x+ iǫ)3
, (A3)
∫ ∞
0
dk keik(x+iǫ) = − 1
(x+ iǫ)2
, (A4)
We define K = πi
2
− γ and use integration by parts to find the following formulas:
∫ ∞
α
dk
k2
eikx =
1
α
+ ix[K + 1− logαx] , (A5)
∫ ∞
α
dk
k3
eikx =
1
2α2
+
ix
α
− x
2
2
[
K +
3
2
− logαx
]
, (A6)
∫ ∞
α
dk
k4
eikx =
1
3α3
+
ix
2α2
− x
2
2α
− ix
3
6
[
K +
11
6
− logαx
]
, (A7)
∫ ∞
α
dk
k5
eikx =
1
4α4
+
ix
3α3
− x
2
4α2
− ix
3
6α
+
x4
24
[
K +
25
12
− logαx
]
, (A8)
∫ ∞
α
dk
k6
eikx =
1
5α5
+
ix
4α4
− x
2
6α3
− ix
3
12α2
+
x4
24α
− ix
5
120
[
K +
137
60
− logαx
]
. (A9)
Appendix B. Details of the calculation of the pure-
gauge two-point function
B1. Spatial components
To calculate TAaba′b′ we start from the quantity
Aaba′b′ =
4π
(λλ′)2
(
δ˜aa′ ∂˜b∂˜b′ + δ˜ba′ ∂˜a∂˜b′ + δ˜ab′ ∂˜b∂˜a′ + δ˜bb′ ∂˜a∂˜a′
− 4
k2
∂˜a∂˜b∂˜a′ ∂˜b′
)
sin kr
kr
(B1)
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in equation (57). By using
∂˜af(r) =
∂f
∂r
ra
r
, ∂˜ara′ = −δ˜aa′ , (B2)
and using symmetries of Aaba′b′ we find
Aaba′b′ =
1
(λλ′)2
[
A(1)
rarbra′rb′
r4
+A(2)
δ˜aa′rbrb′ + δ˜ba′rarb′ + δ˜ab′rbra′ + δ˜bb′rara′
r2
+A(3)
δ˜a′b′rarb + δ˜abra′rb′
r2
+ A(4)(δ˜a′bδ˜ab′ + δ˜bb′ δ˜aa′)
+A(5)δ˜abδ˜a′b′
]
, (B3)
where
A(1) = 4π
(
−4k sin kr
r
− 40 cos kr
r2
+
180 sin kr
kr3
+
420 cos kr
k2r4
− 420 sin kr
k3r5
)
, (B4)
A(2) = 4π
(
−k sin kr
r
− 7 cos kr
r2
+
27 sin kr
kr3
+
60 cos kr
k2r4
− 60 sin kr
k3r5
)
, (B5)
A(3) = 4π
(
4 cos kr
r2
− 24 sin kr
kr3
− 60 cos kr
k2r4
+
60 sin kr
k3r5
)
, (B6)
A(4) = 4π
(
−2 cos kr
r2
+
6 sin kr
kr3
+
12 cos kr
k2r4
− 12 sin kr
k3r5
)
, (B7)
A(5) = 4π
(
4 sin kr
kr3
+
12 cos kr
k2r4
− 12 sin kr
k3r5
)
. (B8)
Using the definitions for Pab and Va, we can express Aaba′b′ in terms of Pab and Va as
H−4Aaba′b′ = A
(1) × VaVbVa′Vb′ + A(2) × (Paa′VbVb′ + Pba′VaVb′ + PabVbVa′ + Pbb′VaVa′)
+A(3) × (Pa′b′VaVb + PabVa′Vb′) + A(4) × (Pa′bPab′ + Pbb′Paa′)
+A(5) × PabPa′b′ . (B9)
The identity δ˜abAaba′b′ = 0 implies that A
(1) − 4A(2) + 3A(3) = A(3) + 2A(4) + 3A(5) = 0.
These equations are indeed satisfied. They allow us to eliminate A(1) and A(5). Thus,
we obtain
Aaba′b′ = −3A(3) × θ(1)aba′b′ + A(4) × θ(2)aba′b′ + A(2) × θ(3)aba′b′ , (B10)
where the θ(i) are defined in section 2. By substituting this in equation (57) and noting
that
cos kr
kn
eik∆λ =
1
2
[
eik(r+∆λ)
kn
+
eik(−r+∆λ)
kn
]
, (B11)
sin kr
kn
eik∆λ =
1
2i
[
eik(r+∆λ)
kn
− e
ik(−r+∆λ)
kn
]
, (B12)
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we can calculate TAaba′b′, using the integrals in Appendix A. Thus we obtain
TAaba′b′ = T
(1) × θ(1)aba′b′ + T (2) × θ(2)aba′b′ + T (3) × θ(3)aba′b′ (B13)
where
T (1) = −H
4
4π2
{
− 36λλ
′(∆λ)2
r2(r −∆λ)(r +∆λ) −
60λ2λ′2(∆λ)2
r2(r −∆λ)2(r +∆λ)2
− 84λ
2λ′2
(r −∆λ)2(r +∆λ)2 +
36
5
+
36h(λ, λ′)
r4
+
12(λ2 + λ′2)
r2
−18(λ
5 − λ′5)
r5
log
r +∆λ
−r +∆λ
}
, (B14)
T (2) = −H
4
4π2
{
18
5
γ − 108
25
− 2λλ
′(3(∆λ)2 + 2λλ′)
r2(r −∆λ)(r +∆λ) −
4λ2λ′2
(r −∆λ)2(r +∆λ)2
+
4
5
(∆λ)2
r2
+
8λλ′
r2
+
12
5
h(λ, λ′)
r4
+
9
5
logα2(r2 − (∆λ)2)− 6
5
λ5 − λ′5
r5
log
r +∆λ
−r +∆λ
}
, (B15)
T (3) = −H
4
4π2
{
[3((∆λ)2 − λλ′)r6 + (33λλ′(∆λ)2 − 6(∆λ)4 + 36λ2λ′2)r4
+(−51λλ′(∆λ)4 − 48λ2λ′2 + 3(∆λ)6)r2
+20λ2λ′
2
(∆λ)4 + 21λλ′(∆λ)6]/r2(r +∆λ)3(r −∆λ)3 − 3
5
+
−λλ′ + 4(∆λ)2
r2
+
12h(λ, λ′)
r4
− 6(λ
5 − λ′5)
r5
log
r +∆λ
−r +∆λ
}
,(B16)
with
h(λ, λ′) = λ4 + λ3λ′ + λ2λ′
2
+ λλ′
3
+ λ′
4
. (B17)
The expression (61) follows by reexpressing these in terms of V and ψ.
B2. Components with one time index
We first find a simpler form for the expression (62). We note that
4π
H3λλ′2
(
δ˜aa′ ∂˜b′ − 1
k2
∂˜b′ ∂˜a∂˜a′
)
sin kr
kr
= 4π
(
cos kr
r
− sin kr
kr2
)
× Paa′Vb′
+4π
(
sin kr
kr2
+
3 cos kr
k2r3
− 3 sin kr
k3r4
)
× (−Paa′Vb′ + Pa′b′Va − Pab′Va′)
+4π
(
cos kr
r
− 6 sin kr
kr2
− 15 cos kr
k2r3
+
15 sin kr
k3r4
)
VaVa′Vb′ . (B18)
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We also find
k2
∂
∂λ
[
E(k, λ, λ′)eik(λ−λ
′)
]
= [3λk−1− 3iλ∆λ+ λλ′(−λ′ +3λ)k+ iλ2λ′2k2]eik∆λ . (B19)
Therefore we have
H
λ
∂
∂λ
∂˜b′ [λ
2Maa′(x, x
′)]
=
H4
16π3
∫
dk
{
3λk−1 − 3iλ∆λ + λλ′(−λ′ + 3λ)k + iλ2λ′2k2eik∆λ
}
×
{
4π
[
cos kr
r
− sin kr
kr2
]
× Paa′Vb′
+4π
[
sin kr
kr2
+
3 cos kr
k2r3
− 3 sin kr
k3r4
]
× (−Paa′Vb′ + Pa′b′Va − Pab′Va′)
+4π
[
cos kr
r
− 6 sin kr
kr2
− 15 cos kr
k2r3
+
15 sin kr
k3r4
]
VaVa′Vb′
}
. (B20)
We obtain the analogous expression for (H/λ)(∂/∂λ)∂˜a′ [λ
2Mab′(x, x
′)] by interchanging
a′ with b′. Thus, we have
TBaa′b′ = −
H
λ
∂
∂λ
∂˜b′ [λ
2Maa′(x, x
′)]− H
λ
∂
∂λ
∂˜a′ [λ
2Mab′(x, x
′)]
= − H
4
16π3
∫
dk
[
3λk−1 − 3iλ∆λ + λλ′(−λ′ + 3λ)k + iλ2λ′2k2
]
×eik∆λ ×Daa′b′ , (B21)
where Daa′b′ is given by
Daa′b′ = D
(1)β
(1)
aa′b′ +D
(2)β
(2)
aa′b′ (B22)
with
D(1) = 4π
(
cos kr
r
− sin kr
kr2
)
D(2) = 8π
(
sin kr
kr2
+
3 cos kr
k2r3
− 3 sin kr
k3r4
)
(B23)
and
β
(1)
aa′b′ = Paa′Vb′ + Pab′Va′ + 2VaVa′Vb′ , (B24)
β
(2)
aa′b′ = Pa′b′Va − Paa′Vb′ − Pab′Va′ − 5VaVa′Vb′ . (B25)
Again, by performing the k integration using the formulas in Appendix A we find the
result in (63).
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B3. Components with two time indices
We begin by noting that
4π
H2λλ′
(
δ˜ab′ − ∂˜a∂˜b
′
k2
)
sin kr
kr
= 4π
(
sin kr
kr
+
cos kr
k2r2
− sin kr
k3r3
)
Paa′
+4π
(
sin kr
kr
+
3 cos kr
k2r2
− 3 sin kr
k3r3
)
VaVa′ (B26)
and
k2
∂2
∂λ∂λ′
[
E(k, λ, λ′)eik∆λ
]
=
(
λλ′k − iλλ′∆λk2 + λ2λ′2k3
)
eik∆λ . (B27)
Therefore we find
TCab′ =
H2
λλ′
∂2
∂λ∂λ′
[(λλ′)2Mab′(x, x
′)]
=
H4
16π3
∫
dk
(
λλ′k − iλλ′∆λk2 + λ2λ′2k3
)
eik∆λ ×Eab′ , (B28)
where Eab′ is given by
Eab′ = E
(1)Pab′ + E
(2)VaVb′ (B29)
with
E(1) = 4π
(
sin kr
kr
+
cos kr
k2r2
− sin kr
k3r3
)
, (B30)
E(2) = 4π
(
sin kr
kr
+
3 cos kr
k2r2
− 3 sin kr
k3r3
)
. (B31)
We integrate over k using the formulas in Appendix A and obtain
Tab′ = S
(1)Pab′ + S
(2)VaVb′ , (B32)
with
S(1) = −H
4λλ′
2π2
[
λ2 + λ′2
(r −∆λ)2(r +∆λ)2 +
4λλ′(∆λ)2
(r +∆λ)3(r −∆λ)3
]
, (B33)
S(2) = −H
4λλ′r2
2π2
[
1
(r −∆λ)2(r +∆λ)2 +
4λλ′
(r +∆λ)3(r −∆λ)3
]
. (B34)
By expressing these in terms of V and powers of λλ′ we find (71).
18
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